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Space-Marching Method on Unstructured Grid
for Supersonic Flows with Embedded Subsonic Regions

Kazuhiro Nakahashi*and Eiji Saitoh'
Tohoku University, Sendai 980-77, Japan

A space-marching algorithm on an unstructured grid to solve supersonic flows that may contain embedded
subsonic regions is proposed. The method employs a domain-marching algorithm in which a bandlike computa-
tional subdomain is marched in the hyperbolic direction starting from the upstream boundary of the flowfield. A
masking procedure is employed where the outside of the selected domain is masked during the flux computationsto
minimize the overall arithmetic operations. The unmasked domain is integrated in time to get a locally converged
solution. If embedded subsonic regions are present, the unmasked region is enlarged to cover the entire subsonic
regions surrounded by supersonic points. The method is applied to calculations of a fully supersonic flow in a
scramjet and a supersonic flow with embedded subsonic regions around a blunt-nose body. It is demonstrated that
the computational work can be reduced by as much as a factor of 10 as compared to conventional, time-marching

unstructured grid methods.

I. Introduction

N efficient approach for computing supersonic flows is to em-

ploy space-marchingtechniques. They have been used exten-
sively to compute steady, supersonic, inviscid and viscous flows
(cf. Refs. 1-3). However, the conventional space-marching meth-
ods have basically two difficulties when they are applied to realistic
high-speed flight vehicle configurations.

First is the difficulty of generating a grid for complex configu-
rations because the conventional space-marching methods assume
the use of a structured grid. Moreover, the marching direction is
usually aligned to one of the coordinate lines of the grid, so that
the grid must have a flow through, H-grid topology. This situation
limits the utilization of the hyperbolic property of supersonic flows
for complex three-dimensional configurations.

The second difficulty of the space-marching methods is the treat-
ment of subsonic pockets, which often appear for flows of real-
istic high-speed-flight vehicle configurations even though they fly
at supersonic speeds. For such predominantly supersonic flows, a
combinationofatime-marchingcode for subsonicpartsand a space-
marching code for supersonicregions of the flowfield has been used.
However, this approach uses two different codes so that it substan-
tially decreases the advantage in the efficiency of space-marching
methods. Chakravathy and Szema* proposed a unified method on
structured grids to treat supersonic flows with subsonic pockets.
The method is based on the unsteady Euler equations and used a
Gauss—Seidel relaxation method in the marching direction to real-
ize a unified approach for space- and time-marching methods.

The aim of this paper is to develop a new space-marching meth-
od that can solve supersonic flows with subsonic pockets about
complex and realistic flight vehicle configurations. To remove the
aforementioned difficulties of conventional space-marching tech-
niques, the new space-marching method is developed on fully un-
structured grids. McGrory et al.’ also developed a space-marching
method on an unstructured grid. However, they retained a structure
of the grid in the marching direction so that the method was not a
fully unstructured one.

Unstructured grids allow easy adaptations to complex config-
urations. Moreover, with a suitable algorithm, a space-marching
method on an unstructured grid can be developed whose march-
ing direction is independent to the grid. To allow the existence of

Received Jan. 10, 1996; presented as Paper 96-0418 at the AIAA 34th
Aerospace Sciences Meeting, Reno, NV, Jan. 15-18, 1997; revisionreceived
May 2, 1997;accepted for publication May 2, 1997.Copyright £4997bythe
American Institute of Aeronautics and Astronautics, Inc. All i reserved.

*Professor, Department of Aeronautics and Space Engineering. Associate
Fellow ATAA.

fGraduate Student, Department of Aeronautics and Space Engineering.

1280

subsonic regions, the new approach proposed is based on the Euler
equationsthat retain the time-dependentterms, and a computational
subdomain instead of the computational front is marched in the hy-
perbolic direction. This domain marching is a simple and versatile
approach for realizing a space-marching method on an arbitrary
unstructured grid.

The remainder of the paper is organized as follows. Section II
describes the governing equations and the basic solution algorithm
on unstructured grids. A basic strategy of the space-marching pro-
cedure is at first outlined in Sec. III. Then a masking method for
computations of a selective region and a subsonic pocket treatment
are summarized. Section IV shows two computed results and dis-
cusses the efficiency improvements gained by the present marching
method. Finally, some conclusionsare drawn and further extensions
are considered in Sec. V.

IL
Governing Equations
The present method uses the Euler equations that retain the un-
steady form. The two-dimensional, compressible Euler equations
can be expressed in an integral form as

Basic Solution Algorithm

51 QdS+fF(Q,n)dl:O
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where Q = [p, pu, pv, e]” is the vector of conserved variables, p
is the density, # and v are the velocity components in the x and y
directions, and e is the total energy. The vector F(Q, n) represents
the inviscid flux vector of mass, the x and y momentums, and the
energy quantity out of the control volume €2, through the boundary
00 when n is the outward pointing normal of 0€2. This system of
equations is closed by the perfect gas equation of state

p= (7 —D[e—1pa + )] )

where p is the pressure and y is the ratio of the specific heats.

Time-Dependent Solution Algorithm

The variables Q are stored at the vertices of a triangular mesh.
The control volume €2; at mesh j employed here is a median dual
that is constructed by lines connecting center of triangular cell and
midpoint of each edge (Fig. 1). The control volume boundary is
denoted by 0€2; and its normal vectors .

With an integral cell average

- 1
Q

Qds
Sj ] Q;



NAKAHASHI AND SAITOH 1281

Fig.1 Control volume.

where
Q;

isanarea of the control volume €2, the firsttermof Eq. (1) becomes
a time derivative of the integral cell average Q;. Then, writing the
second term of Eq. (1) in algebraic form, we can get

dé 1 +
E = _S_] ZAljih(jSa Qj_i’ nji) 3)

where Al}; is a segment line of the control volume boundary asso-
ciated with edge connecting points ;j and i. This segment line A/,
as well as its unit normal nj;;, can be computed by summing up
the segment vectors of two segments of triangular cells having this
edge. The term h is a numerical flux vector normal to the control
volume boundary, and Q% is values on both sides of the control
volume boundary.

The basic solution scheme on the unstructured grid employed
here is based on the scheme proposed by Barth and Jespersen?® If
we evaluate Q% in hat both endpoints of the edge, we get the first-
order scheme. Using the Roe’s numerical flux functions’ for h, we
can write the first-order evaluation for a control volume Q% as

1 - -
'é%_ F(Q, m)dS ZASj,. {E[F(Q,, n;;) + F(Q;, nj;)]
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where % is treated for a control volume, but this is computed using
an edg€Dy edge loop in the coding.

The second-order spatial accuracy can be realized by assuming
a distribution of Q using the cell average Q in the control volume.
For this reconstruction, gradients of physical values are evaluated
at each node point. Then, they are used for extrapolationsto get Q=
at the interface. If we write the gradient of the primitive variables at
node j as {7, then at the control volume interface whose position
vector is r,, on an edge ji, g% are givenas

a; =4+ ONg (1)) (5a)
q-;l = ;Ii + CDIVII .(rm —rl) (Sb)

The gradient W at nodalpoint j is evaluated using a Green—-Gauss
formula

1 1
Wi = G Zz(qj + q)Aljiny; (6)
i L

In Eq. (5), @is a limiter® to make the scheme monotonic.
Equation (3) is integrated in time using a two-step, explicit time-
integration scheme with a local-time stepping.

III. Marching Algorithm
Basic Strategy
In contrast to conventional space-marching techniques where
a computational front is marched downward, the present method

marchesa selecteddomainto which a time-marchingcomputationis
applied. There are two reasonsto use the domain marching. First, the
time derivatives must be retained to allow the existence of subsonic
regions in the flowfield. The second reason is to remove a stability
limit of the marching step size. Most of the conventional space-
marching methods employ an implicit integration in the marching
direction for removing the stability limit. Here, for an unstructured
grid, however, it is difficult to construct such an implicit integration
algorithm because of the fully unstructured connections between
node points.

Instead, a time-integrationalgorithmis applied to the domain. Al-
thoughthis requirestime iterationsto geta convergedsolutionof'the
region, the number of iterations is much smaller than that required
for entire flow computations. Therefore, the domain marching is a
versatile choice for realizing a space-marching method on an arbi-
trary unstructured grid.

The schematic explanation of the marching algorithm is shown
in Fig. 2, where the selected domain in the flowfield is called as an
active domain. It is a laterally expanded, bandlike computational
region bounded by two parallel lines that are approximately normal
tothe freestreamdirection. At each marching step,a time-dependent
computation is applied to the active domain. For supersonic flow
problems, the active domain is marched downward starting from
the upstream boundary, and one pass marching solves the entire
flowfield. If the width of the active domain is enlarged to cover
the entire flowfield, the method reduces to a conventional time-
dependent flow solver.

During the time-marching computations in the active domain, the
residual is monitored only in the residual-monitor subregion that is
usually upstreamone-fifth of the active domain. If theresidualinthis
subdomain decreases below a threshold, this subdomain s expelled
from the active domain to the upstream computed field and a new
subdomain is included from the downstream uncomputed field to
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Fig.2 Marching of active domain.
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the active domain, as shown in Fig. 2. Therefore, every spatially
marching step has an overlapped region in the active domain. This
overlappingis requiredas a buffer for removingthe limitation of the
marchingstepsize for various flow conditionson unstructuredgrids.

The width of the active domain is determined basically by input
data, but the choice of the width does not affect the computational
efficiency very much. Starting from the upstream boundary, each
active domain is determined by, e.g., x; < x < x| + As,,,, if the main
flow direction is in the x direction and As,, is a width of the active
domain. The residualmonitor subregionis determined by x; < x <
x; + als,,,anda=0.1-0.2.

Because of the unstructured grid, the marching direction can be
determined arbitrarily. Although it can be determined step by step
usinga locallyaveragedflow angle,here it is basicallydetermined by
the upstream uniform flow direction for simplicity. For an extension
of the method to complex three-dimensional flow problems, it is
important to keep the simplicity of the algorithm.

Masking

For a selected computation in the entire flowfield, all node points
and edges have flags by arrays of MASKN(in) and MASKE(ie),
respectively. These arrays have values depending on locations and
connections of nodes (Fig. 3), where MASKN 0 is the node in
the downstream, uncomputed field, MASKN 1 the node located in
the uncomputed region but with connections to nodes in the active
domain, MASKN 2 the node in the active domain, MASKN 3 the
node of MASKN 2 but with connections to nodes of MASKN 4,
MASKN 4 the node in the residual-monitorsubregion of the active
domain, MASKN 5 the node in the upstream computed field having
connections with nodes in the active domain, and MASKN 6 the
node in the upstream computed field.

Each edge has a flag of MASKE(ie). If both end nodes of an edge
have the same values of MASKN of 0 or 6, MASKE(ie) of the edge
is assigned to 0, otherwise edges have MASKE(ie) = 1.

The flux computations of Eq. (4) are performed on the edges of
MASKE(e) = 1 and other edges are skipped. Those computed
fluxes are summed to get new values of Q at nodes of MASKN(in) =
2-4. For the second-order scheme, gradients of flow variables are
computed for nodes of MASKN(in) = 2-5.

Subsonic Pockets

An importantadvantage of the active domain marching is that the
domaincan include subsonicregions in it. If subsonicregionsappear
during the time-marching computations, the boundariesof residual-
monitor subregion are shifted so as to cover the entire subsonic
regions by supersonic points.

There are three situations for the boundary shift. The first is shown
in Fig. 4a, where Mach numbers of any points of MASKN = 4,
which have connectionsto points of MASKN = 5, become less than
1.001. For this case, the upstream boundary of the residual-monitor
subregion, which is the upstream boundary of the active domain as
well, is shifted upward (Fig. 4a).
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Fig.3 Masking of nodes.
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Fig.4a Upstream boundary shift of residual-monitor subregion.
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Fig. 4b Downstream boundary shift of residual-monitor subregion.
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Fig.4c Downstream boundary shift of active domain.

Figure 4b shows a situation where Mach numbers of any points
of MASKN = 4 that have connections to points of MASKN = 3
become less than 1.001. For this case, the downstream boundary of
the residual-monitorsubregionis shifted downward. If the boundary
reaches the downstream boundary of the active domain, the active
domain boundary is also shifted downward the same amount so as to
keep a buffer region downstream of the residual-monitor subregion
(Fig. 4¢).
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These boundary shiftsare repeated untilall pointsof MASKN = 4
with connectionsoutsideof the subregionbecome supersonicpoints.
If the time-dependent computations of the residual-monitor subre-
gion converge, the whole subregion is expelled to the computed
region. This means that the downstream boundary of the residual-
monitorsubregionbecomesthe upstreamboundary of the new active
domain. The downstream boundary is determined by the prescribed
marching step width As,,,.

The computation is terminated if the upstream boundary of the
active domain reaches the downstream boundary of the flowfield.

IV. Applications

The method just described has been tested on two cases, which
were chosen so as to show the flexibility and efficiency of the present
marching method. One is a pure supersonicflow through a duct, and
the other is an external flow that has embedded subsonic regions
in it.

Supersonic Duct Flow

The method is applied to a pure supersonic flow inside of a duct
modeling a half-plane of a scramjet intake whose unstructured grid
is shown in Fig. 5. The computed Mach contours by the second-
order method at selected marching steps are shown in Fig. 6 for an

Fig.5 Grid inside a supersonic duct.

S —

a) 10 steps

b) 20 steps

¢) 30 steps

f) 80 steps

Fig.6 Computed Mach contours, M, = 3.

Table1 First-order CPU times,
supersonic duct flow

No. of total CPU time
marching steps  CPU times, s ratios
1 109.4 1.00
51 17.2 0.157
81 16.3 0.149

Table 2 Second-order CPU times,
supersonic duct flow

No. of total CPU time
marching steps  CPU times, s ratios
1 672.8 1.00
51 63.3 0.094
81 73.6 0.109

inflow Mach number of 3. The computed result was validated by
comparing with the result obtained by the conventional time-
marching method.

The marching direction is parallel to the duct centerline, and the
active domain width for this case is one-tenthof the duct length. The
width of the residual monitor subregion is one-eighth of the active
domain so that in total 80 marching-steps were required to compute
the entire flowfield. In Fig. 6, boundaries of active domains are also
shown, and the dotted lines are the downstream boundaries of the
residual-monitor subregions. The dense contour lines appearing at
the downstream boundary of the active domain are due to the dif-
ference of the nodal values between the computed and uncomputed
regions.

Tables 1 and 2 show the efficiency improvements by the method
for this case. The computations were performed using a single Cray
C-90 processor. The first columns in the tables are for comput-
ing the entire flowfield at once, namely, using a conventional time-
dependentmethod. The second columnsare cases in which the active
domain is one-tenth the width of the duct length and the residual-
monitor subregion is one-fifth the width of the active domain. The
third is a case (Fig. 6) with a narrower monitor subregion one-eighth
of the active domain. Computed results of these three cases with dif-
ferent marching steps did not show any noticeable difference in the
contour lines.

As shown in the tables, the computational work is reduced by as
much as a factor of 10 as compared to conventional,time-marching
methods. It is also shown that the efficiency improvement is not
sensitive to the selection of the widths of the active domain and
residual-monitorsubregion. The second-ordermethod shows better
improvements as compared to the first-order scheme. This means
that the present method becomes more effective for problems that
require larger arithmetic operations per point.

Double Ellipse

The second result is for a supersonic flow around a blunt-nose
bodydefined by two ellipses.’ This flowfield has embedded subsonic
regions near the nose and the intersecting point of two ellipses.

The grid is shown in Fig. 7, and the computed Mach contours at
selected marching steps are shown in Fig. 8 for a freestream Mach
number 8.15 and 30-deg angle of attack. The marching direction of
this case hasan inclinationof 30 deg, which is equalto the freestream
direction. The active domain width is a half of the downstream body
height. The width of the residual-monitor subregion is one-fifth of
the active domain width for this case. Dotted lines in the Mach
contours are sonic lines. As shown in the final results of Fig. 8f, the
subsonic region near the nose region is relatively large due to the
two-dimensional computation. The computed results with different
marching steps as well as the standard non-space-marchingresult
did not show any noticeable difference in the contour lines.

Figure 8a is the beginning, when the residual-monitor subregion
has subsonic points in it. The downstream boundary of the residual-
monitor subregion was then shifted downward (Fig. 8b) so as to



1284 NAKAHASHI AND SAITOH

cover the subsonic points by supersonic points. The active domain
boundary was also sifted to keep a buffer region. Figure 8c is the
next marching step, where the previous downstream boundary of
the residual-monitor subregion became the new upstream boundary
of the active domain.

Efficiency improvements obtained by the present method are
shown in Tables 3 and 4. The widths of the residual monitor subre-
gion are two-fifths of the active domain for a case of 27 marching
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steps, one-fifth for 52 steps, and one-sixth for 64 steps. The im-
provement in the second-order scheme for this double ellipse flow
is a factor of 3 smaller than the preceding pure supersonic case.
This is mainly due to the relatively large subsonic region at the
nose, where a large part of the total CPU time was consumed. An-
other reason of this efficiency reduction comes from the rectangle
computationalfield whose vertical length is larger than the stream-
wise length. If the computationalregion is set up to cover only for
near and downstream of the bow shock wave, the efficiency will be
improved some more.

Table 3 First-order CPU times,

double ellipse
No. of total CPU time
marching steps  CPU times, s ratios
1 74.2 1.00
27 354 0.477
52 34.0 0.458
64 35.2 0.474

Table4 Second-order CPU times,

double ellipse
No. of total CPU time
marching steps  CPU times, s ratios
1 976.4 1.00
27 304.0 0.311
52 306.6 0.314
64 336.0 0.343

e) 30 steps

b) 17 steps

d) 22 steps

f) 52 steps

Fig.8 Computed Mach contours, M_ = 8.15and & = 30 deg.
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V. Concluding Remarks

Anefficientand flexible space-marchingalgorithmusingunstruc-
tured grids has been developed to solve supersonic flows that may
contain embedded subsonicregions. Utilizing the unstructured con-
nectionsof grid points, the method has several importantadvantages
over the conventional methods. First, the scheme can treat a super-
sonic flow having embedded subsonic regions. Moreover, the flexi-
bility of unstructured grids allows easy adaptationsto complex con-
figurations. The marching algorithm is simple but the improvement
in the computationalefficiency is as much as a factor of 10 as com-
pared to conventional, time-marching unstructured grid methods.

An extension of the method to three dimensions is straightfor-
ward. The method also will be extendableto high Reynolds number
viscous flows by proper treatment of the subsonic region in the
boundary layer. The method is expected to be more effective for
flows that require large arithmetic operations per point, such as hy-
personic reacting flows.
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